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Abstract 

Limit analysis is a widely-used approach providing a comprehensive and con-

sistent frame for design of structural concrete elements. This approach has tradi-

tionally been applied by engineers following a rigid-plastic formulation, which 

allows to perform hand-made analyses. Yet, the rigid-plastic approach shows a 

number of shortcomings, namely to consistently account for the strain and crack-

ing state of the element in the response of the member. Within this frame, the 

Elastic-Plastic Stress Field (EPSF) method has been proposed as an alternative 

and complementary tool to rigid-plastic approaches. The EPSF shares the same 

background and provides stress fields consistent to those of rigid-plastic analyses. 

In addition, since they account for the material compatibility, the EPSF provide 

information on the displacement and strain field at failure and can be generated in 

an automated manner. The information of the strain field can further be used to 

account for several issues related to the compression softening behaviour due to 

transverse cracking or to determining the strains in the reinforcement and concrete 

at failure. In this paper, the fundamentals of the EPSF method are briefly intro-

duced and discussed in relationship with rigid-plastic design approaches by means 

of a number of examples. On that basis, some design recommendations for appli-

cation of these tools are stated. 
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1. Introduction 

Design of structural concrete by means of equilibrium-based models can be traced 

back to the beginning of structural concrete analysis. Particularly, Ritter (1899) 

already presented at the end of the XIXth century the concept of truss models em-

bedded in the concrete, where the tension elements were composed of reinforce-

ment and the compression elements by the concrete. This pioneer work was later 

extended by Mörsch (1908) who consider also the potential spreading of the com-

pression struts. These first attempts to provide designers with a consistent tool to 

design structural concrete elements on the basis of truss structures continued in an 

intensive manner thereafter in Germany. The works of Leonhardt and co-workers 

(Leonhardt and Walther, 1966) extended the original truss models (see Fig. 1a) to 

the resultants of elastic stress fields (determined on the basis of elastic solutions or 

photo-elasticity analyses). This opened the way to the strut-and-tie models, later 

formalized by Schlaich et al. (1982,1987), who gave a clear theoretical support to 

this technique (based on the theory of plasticity and energetic concepts). 

 

 

Figure 1 Equilibrium-based models for design: (a) truss model; (b) stress field; and (c) strut-and-

tie model (resultant of forces of the previous stress field) 

 

In parallel to these works on truss models and strut-and-tie models (developed 

initially in an intuitive manner), the theory of plasticity was formulated as well as 

its upper- and lower-bound theorems (Gvozdev 1938, Prager 1952). Following 

these works, Drucker (1961) proposed a series of exact solutions (satisfying both 

the lower- and upper-bound theorems of the theory of plasticity) for reinforced 

concrete beams. This approach allowed for the development of statically admissi-

ble and safe stress fields (in equilibrium with the acting loads and respecting the 

yield conditions of the materials, see Fig. 1b) by considering a rigid-plastic mate-

rial response. The stress field approach started by Drucker was later extended, 

with significant contributions in Copenhagen (see for instance Nielsen and Hoang, 

2011) and Zurich (see for instance Thürlimann et al. 1983 and Muttoni et al. 
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1997) and allowed for a consistent and comprehensive tool to design concrete 

structures. 

 

As a natural convergence, both the strut-and-tie models and stress fields are used 

nowadays in an indistinct manner for the design of structural concrete elements. 

Both techniques are in fact complementary representations, one (stress fields, Fig. 

1b) showing the stress state and required place for the compression fields and the 

other (strut-and-tie models, Fig. 1c) showing the location of the resultant of forces 

and being particularly suited for determining the force in the tension reinforce-

ments.  

 

Both techniques in their classical formulation rely eventually on the assumption of 

a rigid-plastic material behaviour. This makes the methods easy to use in practice 

but, on the other hand, creates a number of challenges and limitations. These in-

clude: 

 

• Multiple solutions are possible for a given problem, requiring some level 

of experience for the user to decide on the most suitable one 

• The solutions can be very safe and uneconomic or present problems at ser-

viceability limit state (when the reinforcement is not arranged in the re-

gions more prone to crack development) 

• The effectiveness factor must be determined by calibration of the analyti-

cal solutions with tests for different cases (e.g. beam shear; torsion; bend-

ing; partially loaded areas, etc.). This is necessary as the effect transverse 

strains (and the associated crack widths) on the concrete strength cannot 

be determined (since rigid-plastic solutions do not provide information 

about the state of strain).  

• Rigid-plastic design methods do not allow for specific checks on the re-

quired plastic deformation capacity. This aspect is relevant for structures 

where the stress fields considered for design needs significant redistribu-

tions to occur. Traditionally, this has been solved by requiring an en-

hanced plastic deformation capacity of the reinforcement (typically steel 

class B or C, see CEN 2004) or by limiting the size of the compression re-

gion in case of strain gradients (as for bending) 

 

In order to overcome some of these challenges and limitations, further develop-

ments within the framework of rigid-plasticity have taken place in e.g. Denmark. 

This includes modification of the plastic solutions for members with and without 

shear reinforcement to account for effects of cracking (see for instance Nielsen 

and Hoang 2011, Jensen 2011, Fisker and Hagsten 2016); formulation of effec-

tiveness factors which account for effects of transverse bursting stresses (see e.g. 

Zhang 1997 and Hoang et al. 2012); and most recently development of finite ele-
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ment limit analysis, which employs numerical optimization to in all cases to ob-

tain the exact solution (see e.g. Larsen 2010 and Herfelt 2017). 

 

The above mentioned limitations have also motivated works performed in Swit-

zerland, where numerical techniques for developing simple stress fields account-

ing for compatibility conditions have been developed (Fernández Ruiz and Mut-

toni 2007). The simplest approach that can be followed in this respect is probably 

the implementation of Elastic-Plastic calculations. Results obtained in this way 

may be called Elastic-Plastic Stress Fields (EPSF). In the simplest form, the EPSF 

considers a linear-elastic material behaviour, which is followed by a plastic be-

haviour once the yield condition is reached. For the concrete, consistently with 

experimental evidences, the level of the plastic plateau in compression is influ-

enced by the state of strains of the element, allowing to account for the influence 

of transverse cracking on the material response (Vecchio and Collins 1986). In 

tension, no strength is considered. This latter aspect is instrumental to ensure con-

sistency with rigid-plastic solutions and allows the approach to be robust from a 

numerical point of view (extensive comparisons to test results can be found in 

Muttoni et al. 2016). In fact, the EPSF can be seen as a tool in-between hand-

made rigid-plastic analyses and complex (full non-linear) stress fields. 

 

With respect to rigid-plastic solutions obtained by hand calculations, the EPSF 

offers also some valuable advantages: 

 

• Since the analysis accounts for compatibility conditions, one solution is 

obtained for a given structure and set of actions. This allows obtaining 

suitable stress fields in an automated manner. 

  

• The failure load of the element (when the applied loads cannot be further 

increased) corresponds to the exact solution according to limit analysis. 

This is justified as the stress field is in equilibrium with the actions and 

fulfils the yield conditions of the material (thus being a lower-bound of the 

failure load, see Fig. 2a-c) but its displacement field also corresponds to 

that of a geometrically possible mechanism respecting the compatibility 

conditions of the materials and the boundary conditions of the structure 

(thus being an upper-bound of the failure load, see Fig. 2d) 

 

• Explicit checks on the level of strain of the concrete and reinforcement can 

be performed. For the latter, a suitable bond model is to be considered al-

lowing also for estimating crack widths (Mata Falcón, 2015). This possi-

bility is particularly convenient for instance to verify the deformation ca-

pacity of the reinforcement in case of significant plastic redistributions or 

low reinforcement ratios. 
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Figure 2: Elastic-Plastic Stress Field analysis: (a) structural model; (b) reinforcement stresses (red 

for tension, blue for compression, brown for yielded reinforcement) at failure; (c) concrete stress 

field (principal directions in blue, black meaning concrete crushing) at failure; and (d) associated 

displacement field at failure 

 

In this paper, a brief summary of the principles for establishing EPSF will be 

commented, highlighting its advantages with respect to conventional (rigid-

plastic) stress fields. An example of application will further be discussed, con-

cerning the design of a load-deviation wall. This element, commonly used in prac-

tice, can be designed in different manners (with stiff or soft stringers). Although 

its response by assuming a rigid-plastic design model shall be identical, it will be 

shown that the actual response based on EPSF may significantly vary depending 

on the stringer stiffness and state of deformations and not all design possibilities 

exhibit the same level of performance. On that basis, a number of practical rec-

ommendations will be stated. 

2. Development of stress fields accounting for strain compatibility condi-

tions 

The EPSF can be seen as a simple approach to produce in an automated manner 

admissible and safe stress fields accounting for compatibility conditions. This is 

performed by considering an elastic-plastic response of the materials and requires 

to consider, in addition to the plastic strength used in rigid-plastic analyses, the 

modulus of elasticity of the concrete and of the reinforcement. The limited num-

ber of material parameters makes the results of EPSF relatively easy to understand 

by the engineers. Furthermore, information on the displacement field and strain 

field of the structure is obtained, which can be used for a refined estimate of the 

effectiveness factors as it will later be discussed. This tool has been validated with 

test results on different structural elements and failure modes showing consistent 

and accurate agreement (systematic comparisons to test results can be found in 

Muttoni et al. 2016). 
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2.1 The fundamentals of the Elastic-Plastic Stress Field Method 

To generate EPSF, the procedure generally followed is based on a finite element 

implementation (see for instance Fig. 3a) and consists of the following steps: 

  

• The structure is defined with its properties, actions and boundary condi-

tions. Materials are characterized by the modulus of elasticity and plastic 

strength. For the steel, the plastic strength corresponds directly to the yield 

strength of the material (fy, Fig. 3b). For the concrete, the equivalent plas-

tic strength (fcp) is obtained from the uniaxial compressive strength of con-

crete (fc), but reducing it by a brittleness factor (fc) to account for the ma-

terial compression softening response (Fig. 3c): 

 

fcccp ff =                          (1) 

 

, where factor fc is calculated according to the following expression (Mut-

toni 1989, fib 2013) accounting for the enhanced brittleness of high-

strength concrete: 

 

             
 

0.1
MPa 30

3/1











=

c

fc
f

   (2) 

It should be noted that the descending variation of fc with respect to fc is 

very similar to the variation of the effectiveness factors, , usually adopted 

for rigid-plastic analyses (CEN 2004). 

 

• A displacement field is assumed. On that basis, the strain field is calculat-

ed for each element (Fig. 3d, Fernández Ruiz and Muttoni 2007) 

 

• For the steel, the stress and associated nodal forces for each element are 

determined by using a stress-strain diagram (Fig. 3b, normally assumed as 

elastic-plastic, but also strain hardening can be introduced) 

 

• For the concrete, the principal strain directions are calculated for each el-

ement. The associated stress field is determined by assuming that the prin-

cipal stress directions are parallel to the principal strain directions (Fig. 3d, 

see also Fernández Ruiz and Muttoni 2007). For each principal direction, 

an elastic-plastic behaviour of concrete is assumed in compression with no 

tensile strength (Fig. 3c). This enables determining the principal stresses 

on the basis of the acting strain in the same direction. Yet, with respect to 

the plastic plateau in each principal direction, its strength is considered to 

be influenced by the state of transverse strains (principal strains in the oth-

er principal direction). When concrete is in biaxial compression, the 
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strength is maintained equal to the uniaxial material strength (no consider-

ation of Kupfer’s biaxial increase of strength, Fig. 3e). When concrete is 

transversally in tension, cracking may occur reducing the compressive 

strength of concrete. This fact is considered by means of a strain reduction 

factor (Fig. 3f), which reduces the value of the effective plastic plateau 

of concrete: 

 

  fccc f                                     (3) 

 

The value of the coefficient  can be calculated for instance according to 

Vecchio and Collins (1986) as: 

 

0.1
1708.0

1

1


+

=


                                     (4) 

 

It can be noted that this reduction is performed locally, depending on the 

strain state of each element and varies with the level of load and applied 

actions. 

 

• The equilibrium of the nodal forces is checked at each node for the as-

sumed displacement field (on the basis of its associated stress fields and of 

the external actions). In case the equilibrium conditions are not satisfied 

within the accuracy required, a new displacement field is analysed (these 

iterations can be performed by using a Newton-Raphson numerical proce-

dure, see Fernández Ruiz and Muttoni, 2007) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: The Elastic-Plastic Stress Field Method: (a) model and mesh; (b) reinforcement material 

response; (c) concrete uniaxial material response; (d) concrete principal strain and stress direc-

tions; (e) (plane stress) Mohr-Coulomb plasticity condition with tension cut-off; and (f) concrete 

softening factor with transverse strains 
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The EPSF method has the advantage that, other than an admissible and safe stress 

field (in equilibrium node-by-node with the actions and where the yield conditions 

are respected at all elements), it ensures the compatibility of deformations, thus 

providing valuable information on the displacements, strains and crack widths 

(Mata Falcón, 2015). This allows for realistic estimates of the strength reduction 

factor of concrete accounting for cracking (). In fact, it can be noted that the 

classical estimates of the concrete efficiency factor  (normally assumed constant 

for the member) can be replaced locally (finite element by finite element) by the 

multiplication of the brittleness and strain reduction factors: 

 

 = fc                                                                                                              (5) 

 

Another advantage of the EPSF is that at failure (maximum load), the number and 

location of plasticized zones is in fact such that the displacement field corresponds 

to that of a geometrically possible mechanism (see Fig. 2d). As a consequence, the 

EPSF can be used to obtain exact solutions (being at the same time a lower- and 

an upper-limit of the failure load) according to the theory of plasticity. 

  

The fact that exact solutions can be obtained by using the EPSF has implications 

both for design and for assessment of existing structures (an extended discussion 

can be found in Muttoni et al. 2015). For design, this is mostly relevant when an 

optimization of the member is needed (typically interesting in complex or repeti-

tive (precast) members). It is however not so necessary for design of simple mem-

bers, where rigid-plastic solutions can be safely used and often with less time con-

sumption. The possibility to produce exact solutions is however very relevant for 

the assessment of existing structures. In this case, a refined and tailored analysis 

of the structure can avoid expensive strengthening or minimize it, implying signif-

icant cost savings. 

2.2 Generality of the approach 

An example showing the generality and consistency of this tool is presented in 

this section with reference to the shear walls investigated by Cardenas et al. 1980 

(extensive and systematic validations of the tool with databases can be found in 

Muttoni et al. 2016). The investigated shear walls were tested under monotonic 

loading by applying a horizontal force until failure (see Fig. 4). Within the exper-

imental programme of Cardenas, various reinforcement layouts were investigated 

(Fig. 5) yielding to different failure modes and resistances (Cardenas et al. 1980). 
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Figure 4: Geometry of the specimens tested by Cardenas et al. (1980): (a) view; and (b) cross-

section 

 

 

Figure 5: Reinforcement layout of the shear walls tested by Cardenas et al. (1980) 
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The experimental results by Cardenas show that when the failure load is normal-

ized by the thickness and lever arm of the member (z calculated as 1.62 m), the 

experimental results show increasing resistance with increasing amount of trans-

verse (horizontal) reinforcement, see Fig. 6, with maximum values of the shear 

stress of about 5.5 MPa (specimen SW9) corresponding to flexural failures. It can 

be noted that even when no horizontal reinforcement was provided (specimen 

SW10), the member still showed a significant capacity to resist shear forces due to 

the direct load strutting that can develop for such small slenderness (average shear 

stress at failure equal to 2.5 MPa in this case). These experimental results are 

compared (also in Fig. 6) to the numerical predictions obtained with EPSF. The 

comparison shows a satisfactory and consistent agreement for the different cases 

investigated (average of measured-to-calculated strength equal to 0.98 with 5.0% 

of Coefficient of Variation). 

 

 

Figure 6: Comparison of test results and EPSF analysis 

 

Some additional results are also presented in Fig. 7 for three representative cases 

(SW10 without horizontal reinforcement in Fig. 7a, SW7 with a moderate amount 

of horizontal reinforcement in Fig. 7b and SW9 with a high amount of horizontal 

reinforcement in Fig. 7c). The results are presented in terms of the steel and con-

crete stresses (top and bottom figure respectively for each specimen). The stresses 

in the reinforcement show that as the horizontal reinforcement ratio increases, the 

stress field modifies from a direct strut action (tension force in the flexural (verti-

cal) reinforcement constant) to a beam action (with varying force in the tension 

flexural (vertical) reinforcement). This result is also consistently observed in the 

compression field of the member. It is interesting also to note that EPSF allow 

investigating cases where failure occurs prior to any steel yielding (specimen 

SW10) or that occur after yielding of the reinforcement (SW7 and SW9).  
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An additional result is also presented in Figure 8 for the load-deflection response 

of specimen SW9 (the only complete curve reported Cardenas et al. 1980). The 

results show that for low levels of load, the stiffness is underestimated by the 

EPSF as the tensile strength of concrete is not considered in the analysis. For high 

levels of load, on the other hand, the total stiffness can be overestimated as no 

degradation on the concrete stiffness is considered. This behaviour is consistent to 

other analyses performed with this technique (Fernández Ruiz and Muttoni 2007) 

and shows that reasonable estimates of the deflection and strains can be obtained 

even for the simple hypotheses adopted by the method. 

 
                  (a)                                                (b)                                                (c) 

 

 

 

 

 

 

 

 

 

 

 

Figure 7: EPSF results for specimens: (a) SW10; (b) SW7; and (c) SW9 (top figures refer to the 

forces in the reinforcement: red for tension, blue for compression and brown for reinforcement 

yielding; bottom figures refer to the principal stress directions of concrete and calculated utiliza-

tion ratio (c/(fcp·) where black means concrete crushing)) 
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Figure 8: Measured and calculated load-deflection response for specimen SW9 

3. Implications of the strain state on the stress fields and associated 

structural responses 

An important aspect when designing concrete structures with rigid-plastic stress 

fields is to ensure the consistency between the resulting stress field and the actual 

structure. This holds true not only for the geometry, reinforcement and potential 

openings, but also to the manner in which the structural elements are defined.  

 

For instance, an issue generally encountered refers to the stiffness to be provided 

to the stringers or diaphragms of a stress field model. This aspect has been cov-

ered in design approaches by rules of good practice, which can be based on mini-

mum stiffness requirements or minimum strength requirements. For instance, in 

Denmark it is normally assumed that in a compression stringer, not more than 

50% of the stringer force shall be carried by the reinforcement. This sets a (mini-

mum) limit on the size of the concrete cross-section and, eventually, influences 

the manner in which the stringer transfers the load into the neighbouring elements. 

In other design traditions whose design guidelines are also extensively based on 

limit analysis and stress fields, such conditions are not provided and the amount of 

the load carried by the concrete and by the steel can be freely selected by the de-

signer (refer for instance to the Swiss Code for structural Concrete SIA 

262:2013). In this section, this question on the necessity and suitable stiffness to 

be provided to the stringers will be investigated on the basis of a case study on a 

load-deviation wall. This example will further allow discussing on the influence 

of the strain state on the overall response and on the pertinence of rigid-plastic 

design methods. 
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3.1 Geometry and actions 

The investigated case corresponds to the deviation wall shown in Figure 9. The 

deviation wall is assumed to be cast in normal strength concrete C30/37 (fck = 30 

MPa) and allows to transfer the load between two non-aligned columns of two 

different storeys (distance between axis of columns equal to 3.0 m). The 

equilibrium of moments is eventually ensured by the slabs, which are assumed to 

transfer in a rigid manner the resulting horizontal forces to the cores of the 

building. 

The wall is assumed to have a thickness of 250 mm and the columns to carry a 

load Nd = 3700 kN (self-weight and actions from the slab are neglected). This load 

is transmitted by precast columns in high-strength concrete with a cross-section of 

250×250 mm2 (average pressure at the support plate of the column equal to 59.2 

MPa). The slabs also have a thickness of 250 mm and the distance between axis of 

the storeys is equal to 3 m (Hd = 3700 kN thus by equilibrium). It can be noted 

that this geometry corresponds to a typical case where saving of ground floor by 

making use of small columns is governing for architectural reasons. 

 

 

Figure 9: Geometry of the investigated load-deviation wall  

 

 

3.2 Design using rigid-plastic stress fields (Stringer Method) 

3.2.1 Design of the web thickness 

For design of the member, several choices shall be made, namely the thickness of 

the member and the reinforcement arrangement. With respect to the minimum 

thickness of the wall, it is controlled by the crushing conditions of the concrete 

struts. Since the pressure at the support plate is higher than the concrete strength 
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of the wall, it is proposed in this case a simple stress field with a constant 

compression field utilizing all available concrete within the wall (in accordance to 

what in Denmark is known under the term Stringer Method). Such stress field is 

shown in Fig. 10 together with its corresponding strut-and-tie model (refinements 

of the stress field by considering partial strutting of the load will be discussed 

later). 

 

 

Figure 10: Rigid-plastic design of the load-deviation wall: (a) stress field (Stringer Method); and 

(b) corresponding strut-and-tie model 

 

The design crushing condition of the compression field can be formulated in a 

simple manner as: 

 

,max

1

2

ck
Rd

c

f
 


=                                                                                       (6) 

, which corresponds to an angle  of the concrete struts (refer to Fig. 10) equal to 

45° to maximize the strength of the member. In this case  = 0.7– fck/200 = 0.55 

according to the Danish design practice. It is interesting to note that the same 

value is obtained by use of Eq. (5) since fc = 1.0 and  may be taken as 0.55 

according to MC2010 (fib, 2013). With c = 1.5, the shear stress corresponding to 

concrete crushing is thus Rd,max = 5.5 MPa and the acting shear stress results to: 

 

zt

N d
Ed


=                          (7) 

 

Since Ed ≤ t Rd,max, the required width of the wall results in t ≥ 224 mm. In the 

following, a value of 250 mm will be adopted. For this wall thickness, the acting 

shear stress becomes finally Ed = 4.93 MPa (< 5.5 MPa). 



Ruiz & Hoang: The Elastic-Plastic Stress Field method for structural concrete design        59 

 

 

 

3.2.2 Design of the reinforcement 

For design of the mesh reinforcement in the wall, the reinforcement formulas for 

plane stress problems are used. For the case of pure shear action, the necessary 

reinforcement ratios in the x- and y-directions may be determined as: 

 

cot

1

cot

Ed
x

yd

Ed
y

yd

f

f


 






=

=

                         (8) 

 

where fyd = 435 MPa (Class B500 steel with fyk = 500 MPa and s = 1.15). For cot 

= 1.0 ( = 45°) the same reinforcement amount is needed in both directions, 

namely x = y = 1.13 %. As actual reinforcement, 14@100mm is placed in both 

sides and both directions (which corresponds to an actual reinforcement ratio 

of 1.23 %). 

 

3.2.3 Design of the stringers 

 

The horizontal stringers are integrated in the top and the bottom slabs and are in 

this context not critical.  The design of the vertical stringers may be the most open 

topic as it allows for different interpretations. According to some recommenda-

tions, there will be the need to thicken the wall at the location of the stringer in 

order to limit the amount of force carried by the concrete of the stringer. For in-

stance, according to Danish practice, if a minimum of one half of the load of the 

stringer shall be carried by the concrete, the wall thickness shall locally be in-

creased to at least 370 mm in the stringer location (= (3700/2)/(20·0.25), adopted 

as 400 mm in the following). In addition to the concrete stringer, a compression 

reinforcement is also required to transfer the load through the slab to the stringer. 

According to recommendations where no limit is prescribed on the minimum 

force carried by the concrete (see for instance the Swiss code SIA 262:2013), the 

thickness of the stringer can be kept equal to 250 mm in the region of the stringer. 

The compression reinforcement necessary to transfer the load to the stringer is 

identical in both situations and can be calculated (neglecting confinement effects) 

as: 

, ,
ck

d s d Rd c d c

c

f
N N N N A 


= − = −                            (9) 

Where  refers to the strength reduction factor for the concrete in the stringer. 

According to Danish practice, this value can be adopted as m = 0.98 – fck/500 

[MPa] = 0.92. For other approaches, as MC2010, this value can be adopted equal 

to 1.0 (=fc·). In any case, this condition can be satisfied for instance by arrang-
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ing a cage of compression reinforcement composed of 440 TOP700 (fyk = 700 

MPa, s = 1.15). 

 

 

Figure 11: Investigated cases: (a) reinforcement layout; (b) wall with thick concrete stringers; and 

(c) wall with thin concrete stringers 

 

3.2.4 Assessment of the strength of the member by using rigid-plastic stress fields 

In the previous example, it shall be noted that the structure has a slightly larger 

web thickness than required (250 mm instead of 224 mm) and also slightly more 

reinforcement than needed. Consequently, the actual design strength, as deter-

mined by the Stringer Method, is larger than the design action (yielding of the 

mesh reinforcement governing): 

 

4017 kN   = 3700 kNRd y yd EdN f t z N=    =                         (10) 

 

The design results thus in a compliance factor (ratio of strength upon demand) 

equal to n = NRd/Nd = 1.08. 
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3.3 Discussion on the performance of the rigid-plastic solutions 

The previous structural solutions with and without additional concrete in the loca-

tion of the stringers will in reality lead to different performances when analysed 

with EPSF, allowing to discuss on their pertinence. To that purpose, three cases 

will be investigated by means of EPSF and compared in the following (same ma-

terial and geometrical properties as the element designed in the previous section): 

 

• A panel with the shear force introduced in a constant and distributed man-

ner (in the closest possible manner to the Stringer Method, see Fig. 12a).  

• A panel with horizontal flanges (corresponding to the slabs) and thick ver-

tical stringers, see Fig. 12b. The effective width of the slabs (perpendicular 

to the wall plane) is considered equal to 2.0 m, assuming an angle of 45° 

for the forces spreading in the slab from the compression field of the web 

(compression field developing only at a certain region as it will later be 

discussed). 

 

• A panel with horizontal flanges (as for the previous case) but without addi-

tional concrete at the vertical stringers, see Fig. 12c. 

 

 

Figure 12: Boundary and load conditions modelling: (a) uniform shear force; (b) concentrated 

force introduction and thick concrete stringers; and (c) concentrated load introduction and thin 

concrete stringers 

 

3.3.1 Panel without stringers and subjected to uniform pure shear 

The results for the first case are shown in Fig. 13, with the loads introduced in a 

uniform manner along the horizontal and vertical edges of the element (i.e. essen-

tially a panel in pure shear). The failure load calculated by means of the EPSF 

results in a compliance factor n = NRd/Nd = 1.16. It can be noted that this compli-

ance factor is higher than the one calculated according to the rigid-plastic analysis 

(n = 1.08). This is justified by the actual value of the strength reduction factor 

accounting for the transverse strain state of concrete (), which is equal to 0.60 

according to the EPSF, but was assumed as 0.55 for the rigid-plastic design. 
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(a) (b) 

 

 

 

 

 

 

 

 

(c)                                                        (d) 

 

 

 

 

 

 

 

Figure 13: EPSF results for panel with uniform shear force: (a) deformed shape; (b) reinforcement 

utilization ratio (red for tension, blue for compression and brown for reinforcement yielding); (c) 

principal stress directions for concrete and calculated utilization ratio (c/(fcp·) where black 

means concrete crushing); and (d)  factor 

 

3.3.2 Panel with thick stringers and with concentrated loads 

The second case, corresponding to the panel with horizontal flanges and thick 

vertical concrete stringers, is presented in Fig. 14. The failure load yields in this 

case a compliance factor n = 1.15 = NRd/Nd. The failure mode is the same as for 

the first case (concrete crushing of the wall/panel) but the additional capacity of 

the thick stringers allows enhancing the resistance of the element. In fact, the 

stringers have the capacity to transfer a fraction of the total shear force by inclina-

tion of the compression chord developing inside (i.e. the stringers contribute also 

with a dowelling action). 
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(a)                                                  (b) 

 

 

 

 

 

 

 

 

 

 

 

 
        

                   (c)                                                               (d)   

 

 

 

 

 

 

 

 

 

 

 

 

Figure 14: EPSF results for the wall with thick vertical concrete stringers: (a) deformed shape; (b) 

reinforcement utilization ratio (red for tension, blue for compression and brown for reinforcement 

yielding); (c) principal stress directions for concrete and calculated utilization ratio (c/(fcp·) 

where black means concrete crushing); and (d)  factor 

 

In this case, however, the stress field differs significantly from the response of the 

panel in pure shear (Stringer Method and Fig. 13). Instead of having a uniform 

distribution of stresses, the compression field concentrates more in the inner part 

of the panel. The stresses are therefore locally higher than those of the rigid plas-

tic solution and the effective strength of the concrete in this region is governing 

for the capacity of the structure. With this respect, when considering compatibility 

of the entire structure, the reduction of the concrete strength due to transverse 

cracking is less severe than in the case of a panel in pure shear, with a minimum 

value  = 0.89 (see Fig. 14d,). The higher effectiveness factor obtained in this 

case is of course a result of the enhanced stiffness of the flanges and of the thick 

concrete stringers. 
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3.3.3 Panel with thin vertical concrete stringers and with concentrated loads 

The last case corresponds to the member without a local thickening of the vertical 

concrete stringers, whose results are shown in Fig. 15. The failure load is again 

higher than the design load, with a compliance factor n = 1.03, but lower than the 

strength assessed with rigid-plastic stress fields (n = 1.08).  

 
       (a)                                                                (b) 
 

 

 

 

 

 

 

 

 

 

 
         (c)                                                                       (d) 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 15: EPSF results for the wall with thin vertical concrete stringers: (a) deformed shape; (b) 

reinforcement utilization ratio (red for tension, blue for compression and brown for reinforcement 

yielding); (c) principal stress directions for concrete and calculated utilization ratio (c/(fcp·)  

where black means concrete crushing); and (d)  factor 
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The stress field is similar to the one of the member with thick vertical stringers, 

with a concentration of stresses in a compression field and with the capacity gov-

erned by the strength of concrete near the load introduction regions. In this case, 

as the stringers are less stiff (no local increase of concrete thickness), the value of 

coefficient  reduces (minimum value of 0.8 at failure in the critical region) and 

leads, consistently, to a reduction of the failure load. 

 

It can be noted that according to e.g. Swiss practice, reinforcing members as this 

one without thicker stringers is usually performed by arranging confinement stir-

rups near the introduction of concentrated loads (see Fig. 16). This is performed in 

order to enhance the ductility and resistance of concrete at the critical regions (due 

to the Kupfer’s effect). This influence has yet not been considered in the previous 

analysis. 

 

 

Figure 16: Enhancing the response of load-deviation walls without thicker concrete stringers: (a) 

location of additional confinement reinforcement near the load-introduction region; and (b) cross-

section and detail 

3.4 Behaviour of normally-reinforced elements 

The previous case investigated an element where crushing of the concrete was 

governing in the EPSF analyses (i.e. the panel was over-reinforced). This condi-

tion makes the response of the element rather dependent on the value of the effec-

tiveness factor for the concrete strength. In this section, the response of the mem-

ber will be investigated also with reference to cases with lower reinforcement ra-

tios (normally-reinforced elements). To that aim, both the vertical and horizontal 

reinforcements will be reduced down to the minimum values according to 

MC2010 (fib, 2013): 

 

%087.008.0min, ==
yk

ck

w
f

f
                         (11) 

In this case, the resistance calculated according to the Stringer Method is linearly 

dependent on the amount of available mesh reinforcement (see Fig. 17). This solu-
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tion, of course, is only a lower bound and does not reflect the potential load-

carrying capacity for very low amounts of mesh reinforcement, where the load 

can be carried by a direct strut action, see Fig. 18a-b. This contribution can also be 

combined with inclined stress fields in the remaining triangular areas in order to 

obtain a larger capacity than the pure Stringer Method solution (Fig. 18c-d). Such 

solutions have been developed for shear walls by e.g. Liu (1997).  

 

 

 

Figure 17: Design for the load-deviation wall according to different approaches: EPSF, Stringer-

Method and Stringer-Method with consideration of direct support 

 

For simplification purposes and on the safe side according to the theory of plastic-

ity (convexity of yield surface), the response of the element considering the con-

tribution of direct strut action can in this case be estimated as a linear interpolation 

between the direct strut action and the full web-crushing according to the Stringer 

Method (see Fig. 18). To that aim, a constant value for  equal to 0.55 is adopted 

(for both the smeared stress field and the direct strut) ensuring a consistent transi-

tion to the Stringer Method solution (it can be noted that the strength reduction 

factor could be considered equal to 1.0 for the case of direct strut action without 

any strained reinforcement or crack crossing it, but this value shall be reduced as 

the transverse reinforcement is strained and the model tends towards the Stringer 

Method solution). 
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Figure 18: Direct support: (a) stress field model for direct support; (b) corresponding strut-and-tie 

model for (a); (c) stress field model of a direct support combined with a stringer-panel model; and 

(d) corresponding strut-and-tie model for (c) 

 

The cases with and without local thickening of the vertical concrete stringers in-

vestigated by means of EPSF are also presented in Fig. 17 (where the width of the 

flanges is considered to be equal to the thickness of the web at pure direct support 

conditions). For increasing ratios of the mesh reinforcement, the strength is also 

observed to increase. Such increase is proportionally higher for low reinforcement 

ratios due to the progressive use of the horizontal stringers (slabs spreading the 

load) and to the more favourable values of the calculated strength reduction fac-

tors. For high reinforcement ratios, where the strength is controlled by crushing of 

the concrete, a complete smeared distribution of the compression field in the wall 

does not occur. The maximum possible capacity is, as previously commented, 

somewhat lower than the corresponding one of the stringer method (but higher 

than the design load) when no local thickening of the concrete stringers are con-

sidered and slightly higher when the presence of the thick stringers is considered. 
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4. Conclusions 

 

This paper presents the technique of the Elastic-Plastic Stress Fields (EPSF) and 

discusses its advantages and complementary use with respect to conventional Rig-

id-Plastic Stress Fields (RPSF). The main conclusions of this paper are listed be-

low 

• The classical limitations of RPSF (multiple solutions are possible, optimi-

zation and evaluation of efficiency factors) can be overcome by account-

ing for compatibility conditions when determining the stress field.  

• EPSF are probably the simplest manner in which compatibility conditions 

can be accounted for in a stress field. Only the modulus of elasticity of the 

materials is to be considered in addition to the parameters defining the 

yield conditions of the materials. This ensures a maximum of consistency 

with RPSF. 

• Since no tensile strength in concrete is considered in EPSF, the approach 

is very robust (provided that a minimum amount of reinforcement is avail-

able to control cracking) and the results are simple to interpret. 

• The consideration of the strains in the member allow to locally evaluate 

the strain reduction factor associated to concrete cracking. This allows tai-

loring the stress fields to specific cases and removes the necessity to work 

with an average effectiveness factor for the entire member.  

• At failure, EPSF provide not only a statically admissible and safe stress 

field but also a geometrically possible mechanism. Thus, EPSF can be 

used to obtain exact solutions according to the theory of plasticity. This 

fact is relevant for optimization of new structures, but it is also particularly 

relevant for the assessment of existing structures, as all potential load-

carrying actions can be considered in a safe manner. 

• The application of EPSF to practical cases (presented for a load-deviation 

wall in this paper) shows that the failure load can normally be increased 

compared to a prediction based on RPSF. It is also instrumental to perform 

the actual design of the structure (reinforcement, geometry of chords) ac-

cording to the stress field considered. 
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Notation 

Ac        Cross-sectional area 

Hd       Design value of the horizontal load 

Nd          Design value of the axial load 

Nd,s        Design value of the axial load carried by compression reinforcement 

NRd        Design value of the strength of a member 

NRd,c     Design value of the strength of concrete in compression 

V        Shear force 

VR          Shear force at failure 

a         Shear span 

fc             Uniaxial concrete strength measured in cylinder 

fck           Characteristic value of the uniaxial concrete strength measured in cylinder 

fcp           Equivalent plastic strength 

fy         Yield strength of reinforcing steel 

fyd        Design value of the yield strength of reinforcing steel 

n         Compliance factor 

t          Thickness  

z          Lever arm 

         Displacement 

1,2         Principal concrete strain 

c            Partial safety factor of concrete 

s            Partial safety factor of steel 
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fc Britleness factor reducing equivalent plastic concrete strength 

 Strength reduction factor accounting for transverse strains in concrete 

         Effectiveness factor 

m          Effectiveness factor for chords of beams in bending 

        Angle of compression field 

w          Reinforcement ratio in the web (h,w corresponding to horizontal and verti-

cal directions resp.) 

         Reinforcement ratio (x,y corresponding to the x- and y-directions resp.) 

c           Uniaxial concrete stress 

c1,2      Principal concrete stress 

s           Reinforcement stress 

Ed         Design value of the acting shear stress 

R           Shear strength 

Rd         Design value of the shear strength 
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